An examination of wave propagation in waveguides of rectangular cross section having a single boundary discontinuity is presented. Special attention is paid to waveguides with heights that are small compared to an acoustic wavelength. It is shown that the dynamic behavior of the enclosed fluid can be parametrized by the value of a single small parameter e, where e is the ratio of the typical duct height He to the wall wavelength L o. The influence of planar discontinuities of zero and small but finite thickness on wave propagation is determined using the method of matched asymptotic expansions. Junction conditions, impedance across the junction, and uniformly valid composite expansions for the pressure in the duct are presented. 
INTRODUCTION
The topic which will be addressed in this paper conceres propagation of acoustic waves through two waveguides or cavities coupled through a junction discontinuity. We will use the method of matched asymptotic expansions, MMAE, to obtain an approximate solution for the oscillatory pressure. The enclosed fluid is taken to be inviscid and to respond linearly to harmonic excitation. In our analysis, we will examine waveguides which have rectangular cross section and have a height that varies as a function of horizontal position X (see Fig. 1 I.
The types of boundary discontinuities that will be investigated fall into two categories, planar discontinuities of zero thickness and those which have small thickness when compared to an acoustic wavelength. We will limit our investigation to frequencies where the condition (cole)Hob (X /Lo)< l, is satisfied. In this frequency range the fluid's behavior is parametrized by the ratio of two length scales Ho and Lo. Ho is the typical height of the smooth duct sections and Lo represents the typical wall wavelength. We will also assume that • using variational methods determined the impedance across planar discontinuities of zero thickness in waveguides having otherwise uniform height. The impedance tabulated using these methods are extremely accurate. These results are insensitive to the choice made for the normal velocity distribution across the • guide in the vicinity of the discontinuity. However, the pressure field is critically dependent on the choice of the velocity distribution. A poor choice can result in a slowly converging sum of weighted eigenfunctions of the uniform waveguides.
•H(X) = o(•OoO
Lesser and Lewis 6 determined the acoustic impedance across a step discontinuity in an infinite two-dimensional waveguide with slowly varying height using MMAE. They showed that the acoustic impedance across the step discontinuity derived using the incompressible assumption is accurate to order 6 2. However, they neglected to incorporate transcendentally small terms in the asymptotic behavior of the incompressible region. For infinite length waveguides these terms can be justifiably dropped. However, in a terminated guide these terms determine the critical distance between the termination and the discontinuity at which the interaction between the incompressible region and the wave region takes place.
In this paper we will present an analysis for long wavelength propagation in waveguides having a single boundary discontinuity. We will split the duct into three regions {see Fig. 2} . In regions AB and CD the length scale which parametrizes the fluid's motion is the acoustic wavelength. Hence AB and CD will be called wave regions. In region BC the parametrizing length scale is H o. Since H o is small compared to an acoustic wavelength, BC will be called the incompressible region. The problem will be analyzed using the method of matched asymptotic expansions MMAE.
Sections I and II will be devoted to the presentation and nondimensionalization of the linear inviscid equations which govern the wave and incompressible regions, respectively. The pressure and particle velocities in each region will be expressed in terms of a truncated asymptotic sequence in In Sec. III we will present the results of the matching process. Applying Van Dyke's ? matching principle to the wave and incompressible solutions, several results will be obtained. We will show that continuity in volume velocity and pressure across the discontinuity is valid to first order in e. If the discontinuity has thickness, compressibility of the fluid must be taken into account at 0 (e). We will show that interaction between the incompressible and wave region at 0 (•) will occur if the distance between the discontinuity and duct termination, is 0 [6 log (1/•)]. This distance is a multiplicative factor of log (1/•)greater than the pressure boundary layer thickness, which is 0 (6). The acoustic impedance across the discontinuity will be computed to 0 (•). A uniform valid solution for the pressure valid to 0 (•) will also be given.
i. WAVE REGION
In this section we will present a scheme for nondimensionalizing the linear inviscid equations of motion. The resulting nondimensional equations will govern acoustic wave propagation in the smooth sections of the duct.
The particle velocities U*, V* and W* and pressure P * in the duct satisfy the following equations. where the superscript, _, on x represents the region of space under investigation. The plus sign will be used when examining region CD and the minus sign will be used when examining region AB. We will express the complex amplitudesp, u, v, and w in terms of an asymptotic sequence in integer powers of 6. Successive approximations for the pressure and particle velocity can be determined by evaluating higher order coefficients of this sequence. 
III. JUNCTION CONDITIONS AND COMPOSITE EXPANSIONS
In the following segment we will perform the e ø, 6 2, and • match. Careful attention will be given to intuition where appropriate. However, intuition is not always available. Hence, technique may prove to be the only guide for evaluating a uniformly valid solution. An attempt will be made to keep the discussion as integrated as possible by stating useful equations explicitly. The details of the formalism presented here can be found in the literature, 7-9 and will not be incorporated into the body of the text. assuming an outward normal to the boundary. In this twodimensional geometry, the contourB traverses the boundary in a counterclockwise sense {see Fig. 3 ). Applying the boundary conditions and taking the outer limit aforementioned integral yields
h ( -eS-) •0« ( + e8 +)
--lim he dp + lim •o dp = 0 (e).
Interchanging the order of operation •o h ( -e6-)
--lim •o dp h( + e8 + ) + lim fie dp = 0 (e). 
